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1
1. /$36x4dx:em4+0.
4
2. /6mx/x2 3dx = 2(2? +3)% C.
3/ "VETFIdx = (e +1)% C.
1
4. /(23: —1)(2? —2)!%dz = ﬁ(xz —x)l% 4 C

9.4 Integration by Parts

Motivation

Let u(z) and v(z) be differentiable functions. By the product rule, we have

or

dv_d o d
de  dz "V T Vax
Integrating both sides with respect to x
dv U
ud—d:z: /dx(uv)flx—/vd dx
= w — /’U;u dx
which is
/udx—uv— /vdx
or

/udv:uv—/vdu

Key Idea: Write the integrand as product of u(x) and v'(z), then integrate by parts.

Example 9.4.1. Compute / xet dx.
71
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Solution.

/mex dex = /:l; de” (u=z,v=0¢e")
= xex—/exdx

= gz —e*+C

Question: What happens if we let u = e” and v = $22?

/szm dx = /e’”d (1x2)
2

1 1
= —z2%" — /x2 de”

2 J 2
1 1
= 29526:5—/23:2& dx (More complicated!)

Example 9.4.2.

1 1
/x'lnxdac = /111:1;d (2 2) (u=Inz,v= 5562)

Question: What happens if we let / rlnzdr = / xd(?)

v'(z) = Inx, not easy to find v!

Remark. Choose proper u and v such that:
1. it’s easy to write the integral as / u dv;

2. it simplifies the problem after integration by parts.

Exercise 9.4.1.

1 1
1. /:U21na;d:c: gxgln:c— §x3+C

1 1
2. /xa“dx:lnaxax—lnzaaz—ka (a>0,a#1)
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Example 9.4.3.

9-11

/lnxdx = xlnx—/wd(lnx) (u=Inz,v=r)

= xlnx—/ldaz

= zhhx—z+C
Exercise 9.4.2. /loga xdr = xlog, x — li +C
na
. . . . . Inz
Hint: either integration by parts directly, or use log, x = Lo
na

Example 9.4.4. (Integration by parts twice)

—
/m269’ dr = /:L"2 de”
= z2e® — /ex da?
2 x T
= z%" — [ 2ze®dx
-— J—== oy 47 Pﬁ‘"\‘s
= :L"Qez—/Qxdex d LEx 9.¢. ‘>
= 22%e% — 2(ze” — | % dx)
= z%e" —2(ze” — e + C)
= z%e® — 2ze® + 2e% + C'
W ﬂ‘
2. .
/ln2xdm = xanx—/xd(IHQx)

n?z
00 k)”

1
= zln’z— [ z-2lnz-—dzx
AR d =

= :L'IDQSB—/QIDZL'dSL‘ ’g .
b“

= :nln233—2mln:n+2/1‘d(lnx)

= zln’z —2zlnzx+22+C

Exercise 9.4.3. /(x2 + 22 + 3)e® dz = (2° 4 3)e® + C.

—
o d) A
Ir)' Pc-(“’&

Bx. 9.9 3
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9.5 Integration of Rational Functions

Rational function:
R(z) £22)
q(T)
where p(z) and ¢(x) are polynomials with ¢(z) # 0.

How to integrate / @ dz?

q(z)

9.5.1 |degq(z)=1:¢q(x)=ax+b,a#0

Let a # 0. By long division,

p(:t?) long division A(l‘) I T 7
ar+b ~—— axr + b
polynomial M

know how to integrate!

where A(z) is a polynomial and r is a constants.

1 1 1 1
/ dx:/ -—d(ax+b)=—In|ax + b+ C
ar+b ax+b a a

Example 9.5.1. Evaluate

22 +3z+5
[ e
Solution. By the long division
T+ 2.
:r—i—l) 22 +3x+5
-2 —z
245
—2x — 2
3
So,
/Wdazz/(x-i—@-i—x_{_ldaz
2

X

> + 224 3n|z+ 1|+ C.





